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Abstract
We study β-ensembles with BN , CN , and DN eigenvalue measure and their relation
with refined topological strings. Our results generalize the familiar connections between
local topological strings and matrix models leading to AN measure, and illustrate that
all those classical eigenvalue ensembles, and their topological string counterparts, are
related one to another via various deformations and specializations, quantum shifts
and discrete quotients. We review the solution of the Gaussian models via Macdonald
identities, and interpret them as conifold theories. The interpolation between the
various models is plainly apparent in this case. For general polynomial potential, we
calculate the partition function in the multi-cut phase in a perturbative fashion, beyond
tree-level in the large-N limit. The relation to refined topological string orientifolds on
the corresponding local geometry is discussed along the way.
July 2012
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1 Introduction
Eigenvalue ensembles with AN measure to a power of β,
1 widely known just as β-
ensembles, and their relation to topological gauge and string theories have been studied
extensively in recent years. The special instance β = 1 of generalized interest is the
Dijkgraaf-Vafa relation [1] between matrix models, supersymmetric gauge theory and
the topological string. In more recent times, the focus has shifted to the more general
situation with arbitrary β, which relates the eigenvalue ensembles to Ω-deformed gauge
theories, refined topological string theory [2, 3] and the AGT conjecture [4]. Here, the
1AN denotes the finite Coxeter group, and β a positive real number. We review the definitions in
section 2.
2
equivariant parameters ǫi of the Ω-deformation, the ensemble parameter β and the
string coupling gs are related via [2],
ǫ1 =
√
βgs , ǫ2 = − 1√
β
gs . (1.1)
One may note that neither the matrix model nor the topological string at present
knows a microscopic interpretation for the deformation parameter β. Rather, the
mutual agreement of results calculated with different schemes, the consistency of the
space-time interpretation via BPS state/instanton counting, as well as the relation
with the Ω-deformed gauge theory, especially in the Nekrasov-Shatashvili limit [5]
give confidence that one should view all these models as integral part of a larger
interconnected web of theories, thereby in fact defining various notions of quantum
geometry, such as that of [3].
The prototypical example for much of this is the Gaussian model, with quadratic
potential for the eigenvalues and corresponding, respectively, to a deformed conifold
target space, (refined) Chern-Simons theory [6], as well as the c = 1 non-critical string
at radius R = β [7, 2]. This Gaussian model also serves as building block for more
general backgrounds.
The purpose of the present paper is to take this logic one step further, and to study
the possible role played by eigenvalue ensembles with other finite group measures,
specifically, BN , CN , and DN . These models, which we will refer to as Macdonald
ensembles, are rather natural, and easily defined, but have been less studied in the
recent topological string/gauge theory literature. The ensembles at β = 1 appeared
briefly in the context of the Dijkgraaf-Vafa relation to four-dimensional N = 1 gauge
theories with SO/Sp gauge groups and adjoint matter, and the realization of these
gauge theories as string theoretic orientifolds. Most closely related to the spirit of the
present work are [8] and [9]. Due to the nature of the original DV conjecture, these
studies were essentially confined to tree-level. One of the aims of this work is to study
the BN/CN and DN eigenvalue ensembles with general β beyond tree-level in greater
detail.2
It is then natural to expect that the BN , andDN Macdonald ensembles with general
β 6= 1 are related to a refinement of topological string orientifolds, which was one of
2Since the root systems of BN and CN differ only in the length of the roots, hence the Haar
measures are identical up to an overall factor (see for instance [10]), it will be sufficient for us to
consider only the BN and DN ensembles.
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the original motivations for the present work.3 In thinking about the various pictures,
it is however important to remember that these eigenvalue ensembles at β = 1 are
in general not identical to the usual SO and Sp matrix models. Rather, the latter
models provide the microscopic realization of the AN ensemble at β = 2 and β =
1/2, respectively. They are dual to N = 1 SO/Sp gauge theory with matter in the
symmetric/antisymmetric representation. In particular, the orientifold in the large-N
dual topological string side acts differently on the tree-level geometry [12, 13].
On the other hand we have the realization, in the Gaussian model, of the β-
parameter as the radius of the circle for c = 1 non-critical string. There, the orbifold
of the c = 1 CFT at the self-dual radius is indeed equivalent to the R = 2 circle
theory. This connection suggests the existence of an entire new branch of topological
string/matrix model dual pairs that connects up to the standard branch at β = 2. Our
work suggests that this is where the BN and DN Macdonald ensembles fit in.
Whereas the duality between N = 2 U(N) gauge theory softly broken to N = 1,
AN eigenvalue ensemble with β = 1, and topological string theory on the (spectral
curve) geometry at large N has been discussed and checked exhaustively in many
works, for general β much less is known. For BN and DN , even at β = 1, no higher
genus check of the proposed duality between the eigenvalue ensemble and topological
string orientifolds has been performed. The power of β plays a major role beyond tree-
level, and hence one might hope to be able to learn something about refined topological
string theory and orientifolds thereof along the way, which are expected to be related
to these β-ensembles in the large N limit.
In fact, under which specific conditions the eigenvalue ensembles for β 6= 1 relate
to refined topological string theory in the large N limit has not been pointed out
so far in the literature, even for the ordinary AN measure. Some examples where
such a relation holds in a non-trivial manner where reported in [2, 3]. Although the
calculations of [3] were restricted to the cubic ensemble at 1-loop level, there is little
doubt that the observed correspondence extends to all genus, at least for the cubic.
On the other hand, the Chern-Simons matrix models studied in [14] appear to indicate
that in general such a relation does not hold. Attempts to formulate a refined version
of the remodeled B-model of [15] have also failed to our knowledge so far.
Some of the problems with the general applicability of the AN type β-ensemble can
3Meanwhile, the refinement of topological string orientifolds has been studied, with a different
perspective and motivation, by Aganagic and Schaeffer [11].
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be traced back all the way to tree-level, that is, to the dual spectral curve geometry of
the ensemble. This is most clearly visible at hand of the remodeled B-model geome-
tries of [16]: In general, the spectral curve of the eigenvalue ensemble differs from the
usual B-model target space geometry of the dual topological string and has singular
points. Singularities are a general indication that refinement, i.e., a deformation of
the correspondence away from β = 1, will fail. Indeed, singularities in the B-model
geometry could harbor blow-up modes, which spoil an invariant BPS state counting.
The corresponding mirror statement is the well-known fact that in order to have a
well-defined BPS state counting of left and right spin (and not just the index), the
A-model/M-theory geometry should be rigid (i.e., have no complex structure deforma-
tions). This leads us to a condition on an AN type β-ensemble to have a well-defined
BPS state counting interpretation. Namely, the spectral curve has to be non-singular.
In particular, this applies as well to ensembles with polynomial potentials, i.e., one has
to fill all cuts to ensure that one has a well defined BPS index. Under this restriction,
the duality of [2] has a chance to survive the β-deformation in a quite general setting.
Similar considerations apply to the BN and DN cases, up to some technicality which
we will explain in more detail in section 5.1. Confirmation for this expectation will be
found at hand of AN , BN and DN β-ensembles with quartic potential, which appear
to be as well compatible with a (refined) topological string interpretation, as the free
energies fulfill the 1-loop holomorphic anomaly equation.
The outline is as follows. In section 2 we will give the definition of Macdonald
ensembles with special emphasize on AN , BN and DN . This is followed by a detailed
discussion of the large N expansion of the Gaussian partition functions and implica-
tions thereof for refined topological string orientifolds, in section 3. In section 4 a
recursion relation satisfied by Gaussian correlators is derived (generalizing [17, 18]),
which constitute an essential ingredient for the explicit calculation of the multi-cut
ensemble partition function, which section 5 is about. In subsection 5.1, we will give a
generalization of the framework of [19, 20, 17, 18] to BN/DN , and apply it in section
5.2 to the model with quartic potential. The B-model verification of the tree-level and
1-loop results of section 5.2 will be performed in section 6. We conclude in section 7.
In appendix A the explicit results for the gs expansion of the free energy of the BN
and DN β-ensemble with quartic potential are attached.
5
2 Macdonald ensembles
Let G be a finite group of isometries of RN generated by reflections in hyperplanes
through the origin (i.e., a finite reflection or Coxeter group). Let there be h hyper-
planes, each defined by a condition on λ ∈ RN of the form
N∑
i=1
aα,i λi = 0 ,
where aα ∈ RN , α = 1, . . . , h. The group G naturally acts on the algebra of polynomial
functions on RN . The G-invariant polynomials form an R-algebra generated by N
independent polynomials of degrees di, i = 1, . . . , N . Normalizing the vectors (aα,i)i
via
∑N
i=1 a
2
α,i = 2, define the particular invariant polynomial
PG(λ) =
h∏
α=1
N∑
i=1
aα,i λi .
Macdonald conjectured the integral identity [21]
ZG(β) :=
1
(2π)N/2
∫
RN
[dλ] |PG(λ)|2β e− 12
∑N
i=1 λ
2
i =
N∏
i=1
Γ(1 + diβ)
Γ(1 + β)
, (2.1)
where [dλ] :=
∏N
i=1 dλi, β ∈ C with Reβ > 0. A proof of this identity has been given
by Opdam [22, 23]. ZG(β) is also referred to as Macdonald integral.
For G = AN−1 the Macdonald integral specializes to Mehta’s integral. For this
work, in addition the cases G = BN and G = DN are of particular interest. These give
rise to the integral identities,
ZAN−1(β) :=
1
(2π)N/2
∫
RN
[dλ] ∆(λ)2βe−
1
2
∑
i λ
2
i =
N∏
i=1
Γ(1 + iβ)
Γ(1 + β)
,
ZBN (β) :=
1
(2π)N/2
∫
RN
[dλ] ∆(λ2)2β
N∏
i=1
λ2βi e
− 1
2
∑
i λ
2
i =
N∏
i=1
Γ(1 + 2iβ)
Γ(1 + β)
,
ZDN (β) :=
1
(2π)N/2
∫
RN
[dλ] ∆(λ2)2βe−
1
2
∑
i λ
2
i =
Γ(1 +Nβ)
Γ(1 + β)
N−1∏
i=1
Γ(1 + 2iβ)
Γ(1 + β)
,
(2.2)
where ∆(λ) denotes the usual Vandermonde determinant, ∆(λ) :=
∏
i<j(λi − λj). We
are particularly interested in the large N limit thereof, see section 3.
Viewing the above integrals as partition functions of Gaussian eigenvalue ensembles,
it is natural to define general Macdonald ensembles by replacing the quadratic term
6
∑
i λ
2
i with a general “single-trace” polynomial potential
∑
iW (λi). For G = AN−1 the
Macdonald ensemble is identical to the usual β-ensemble. For G = BN and DN , and
with β = 1, these ensembles correspond to the ones considered in [8] in the context of
the Dijkgraaf-Vafa relation (with the additional condition W (x) = W (−x)).
It is convenient to parameterize the measure P(b,d)(λ) := PG(λ) with G being AN ,
BN or DN as
P(b,d)(λ) = ∆+(λ)
b+d∆−(λ)
N∏
i=1
λbi , (2.3)
where we defined
∆±(λ) :=
N∏
i<j
(λi ± λj) .
In particular ∆−(λ) = ∆(λ), corresponds to the usual Vandermonde, and ∆−(λ)∆+(λ) =
∆(λ2) . For (b, d) = (0, 0) we get PAN (λ), (1, 0) yields PBN (λ) and (0, 1) results in
PDN (λ). Hence the Macdonald ensembles ZG(β) with G = AN , G = BN or G = DN
can be treated simultaneously via the ensemble 4
Z(b,d)(β) ∼
∫
[dλ]|P(b,d)(λ)|2β e−
∑N
i=1W (λi) , (2.4)
with P(b,d)(λ) as defined in (2.3).
The expectation value for an operator insertion Oˆ is defined as usual as
〈Oˆ〉(b,d) :=
∫
[dλ]|P(b,d)(λ)|2βOˆ e−
∑N
i=1W (λi) .
Trivially, we have 〈1〉(b,d) = Z(b,d)(β).
It is instructive to compare the formulas for BN and DN . The only difference is the
additional factor of
∏N
i=1 λ
2β
i for BN , and can be interpreted as follows. We know from
the AN β-ensemble that the insertion of a brane at position x in the dual geometry
corresponds to the insertion of some power of a determinant factor of
∏N
i=1(x−λi) times
an overall classical piece of ψcl(x) = e
W (x) [24, 3]. Different powers of the insertion
correspond to different types of branes [3]. Thus, the insertion of a brane at x plus a
mirror brane at −x corresponds to an operator insertion of
Ψˆβ(x)Ψˆβ(−x) = ψcl(x)ψcl(−x)
N∏
i=1
(λ2i − x2)β . (2.5)
4The gs dependence needed to match to topological strings will be brought in via W (x) and, if
necessary, a rescaling of the eigenvalues.
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This implies that the BN ensemble can be understood as the DN ensemble with inser-
tion of an additional pair of branes at the origin (x = 0), i.e.,
Z(1,0)(β) ∼ 〈Ψˆβ(0)Ψˆβ(0)〉(0,1) = Z(0,1)(β) Ψ2β(0,1)(0) , (2.6)
where we defined the partition function with h coincident (β-) branes Ψhβ(b,d)(x) in the
background parameterized by (b, d) as
Ψhβ(b,d)(x) :=
〈(
Ψˆβ(x)
)h〉
(b,d)
〈1〉(b,d)
. (2.7)
3 Gaussian ensembles: Large N partition functions
In this section, we review in some detail the large-N expansions of the Gaussian par-
tition functions (2.2), as well as the various ways that these enter into the topological
string.
3.1 Large N expansions
AN
In contrast to the BN and DN ensembles, the ’t Hooft large-N limit of ZAN−1(β)
has been studied extensively in the physics literature. The asymptotic expansion as
N →∞ is related to the “Schwinger” integral,
logZAN−1(β) ∼
∫
dt
t
e−µt
(eǫ1t − 1)(eǫ2t − 1) =: logZA(gs, β) , (3.1)
where ǫ1, ǫ2 are related to gs, β as in (1.1), and we have
µ :=
√
βgsN . (3.2)
We note the obvious symmetry of the partition function under ǫ1 ↔ ǫ2. As gs → 0, we
have the well-known asymptotic expansion
∫
dt
t
e−µt
(eǫ1t − 1)(eǫ2t − 1) ∼
∞∑
n=0
Φ
(n)
A (β)
(gs
µ
)n
, (3.3)
with certain polynomial expressions Φ
(n)
A (β).
5
5Really, βnΦ
(n)
A
is a polynomial in β.
8
As is well-known, for n even, the Φ
(n)
A (β) specialize at β = 1 to give the virtual
Euler characteristic of the moduli space Mg of genus g = n2 + 1 complex curves [25],
Φ
(2g−2)
A (1) = χ(Mg) =
B2g
2g(2g − 2) , (3.4)
where Bn are the Bernoulli numbers. For n odd, the Φ
(n)
A (1) vanish.
On the other hand, for n odd, the Φ
(n)
A (β) specialize at β = 2 to give the virtual
Euler characteristic of the moduli space MOg˜ of complex curves of genus g˜ = n + 1
with a fixed-point free anti-holomorphic involution (i.e., certain type of real curves)
[26, 27, 28], up to a rescaling of gs. In string theory language, the quotients give
unoriented Riemann surfaces with genus g = g˜/2, (g˜ being even), no boundaries, and
one crosscap,
Φ
(2g−1)
A (2) = −21/2−gχ(MOg˜ ) = −21/2−g
(22g−2 − 2−1)B2g
2g(2g − 1) . (3.5)
For n even, we have that Φ
(2g−2)
A (2) = 2
−gχ(Mg). Hence, the coefficients at β = 2
show the typical structure of an orientifold
2n/2Φ
(n)
A (2) =
1
2
χ(Mg)− χ(MOg˜ ) . (3.6)
For later reference, note that via making use of (3.1) and (3.6), one can infer as well
an integral representation of the generating function for the χ(MOg˜ ), i.e.,
T (gs) := log ZA(
√
2gs, 2)√
ZA(gs, 1)
= −1
2
∫
dt
t
e−µt
egst − e−gst ∼
∞∑
n=0
χ(MO2n)
(
gs
µ
)2n−1
. (3.7)
A similar, and in fact related, “Schwinger” integral has appeared before in the context
of the orientifold constant map contribution [29, 30].
The fact that the AN β-ensemble can be used to interpolate between the Euler
characteristic of moduli spaces of complex and real curves was pointed out in [27], and
interpreted as a geometric parameterization. In particular, it was conjectured that
the Φ
(n)
A (β) themselves should describe the Euler characteristic of some related moduli
space.
Although the appearance of the moduli of real curves is suggestive, a simple closed
string theory interpretation is hampered by the fact that the expansion (3.3) for β 6= 1
contains terms of both even and odd powers of gs. This originates from the fact that
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(3.1) is not invariant under (ǫ1, ǫ2)→ (−ǫ1,−ǫ2), except when ǫ1 = −ǫ2. As is by now
well-appreciated, the additional (quantum) shift
µ→ µ+ ǫ1 + ǫ2
2
(3.8)
restores that symmetry. We have the asymptotic expansion∫
dt
t
e−µt
(eǫ1t/2 − e−ǫ1t/2)(eǫ2t/2 − e−ǫ2t/2) ∼
∑
n
Ψ
(n)
A (β)
(gs
µ
)n
(3.9)
with Ψ
(n)
A (β) ≡ 0 for n odd. This shifted partition function is also identical to the
partition function of the c = 1 string at radius R ∝ β, originally found in [31]. From
the above formulas it is clear that Φ
(n)
A (1) = Ψ
(n)
A (1).
Turning to the topological string, it was discovered long time ago in [7], that the
integral (3.1) at β = 1, i.e., the c = 1 string at the self-dual radius, governs the leading
behavior of the B-model topological string in the limit in which the target space devel-
ops a conifold singularity, as the complex structure parameter µ→ 0. As explained for
instance in [32], the coefficients Φ
(n)
A (1) = Ψ
(n)
A (1) therefore provide universal bound-
ary condition for solving the topological string via holomorphic anomaly equation [33].
As shown in [34, 35], see also [36], the one-parameter deformation Ψ
(n)
A (β) provides
the analogous boundary conditions for solving the refined topological string in the B-
model via the same holomorphic anomaly equation. (Alternatively, one may use the
extended holomorphic anomaly equation of [37] with boundary conditions provided
by the Φ
(n)
A (β) to solve for the refined topological string amplitudes after undoing the
quantum shift.) This observation confirms the identification of β as the radius R of
c = 1 string [2].
A seemingly unrelated observation is the fact that the coefficients Ψ
(n)
A (2) also have
a topological string interpretation, in the context of the real topological string [38].
Namely, writing [34],
2n/2Ψ
(n)
A (2) =
1
2
(
Ψ
(n)
A (1) + ΨKB
)
, (3.10)
the ΨKB control the leading behavior of the topological string amplitude on a genus g
Klein-bottle (an unoriented Riemann surface with genus g and even number of cross-
caps) around a conifold point in moduli space. This relation begs for a topological
interpretation of the ΨKB similar to that of the Ψ
(n)
A (1) in terms of the moduli space
of genus g complex curves (with n = 2g − 2). We note that whatever this interpre-
tation is, Ψ
(n)
A (1) is not the virtual Euler characteristic of moduli of complex curves
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with fixed-point free anti-holomorphic involution of odd genus g˜ = 2g − 1 (which are
the covers of these higher genus Klein bottles) studied in [27], which vanishes, but
should be closely related to it. It is also interesting to note that the quantum shift
(3.8) transforms Klein-bottle contributions into cross-cap contributions, as is apparent
via comparing (3.6) and (3.10).
BN
It follows from (2.2) that ZBN (β) can be expressed in terms of ZAN−1(β) as
logZBN (β) = logZAN−1(2β) +N log
Γ(1 + 2β)
Γ(1 + β)
.
Since in our ’t Hooft limit, we neglect the most singular terms, of positive power of N ,
we simply write,
ZB(gs, β) ∼ ZA(gs, 2β) . (3.11)
As a result, the β ↔ 1/β symmetry of ZA(β) translates to a β ↔ 1/(4β) symmetry
of the ZB(β) partition function. Similarly as in the AN case, we denote the expansion
coefficients of the gs expansion of the corresponding (shifted) free energy as Ψ
(n)
B (β).
Obviously,
Ψ
(n)
B (β) = Ψ
(n)
A (2β) .
For later reference, let us explicitly state the “1-loop” coefficient which the (shifted)
ZB(gs, β) implies, i.e.,
Ψ
(0)
B (β) =
1
48
(
1
β
+ 4β
)
. (3.12)
DN
For the DN Macdonald ensemble, we sort terms such that
logZDN (β/2) = logZAN−1(β)− log
Γ(1 +Nβ)
Γ(1 +Nβ/2)
+N log
Γ(1 + β)
Γ(1 + β/2)
. (3.13)
Thus, besides the AN term, we have one additional N dependent term which we don’t
neglect in the large-N limit. Invoking the integral representation of the digamma
function γ(x) = d
dx
log(Γ(x)),
γ(x) =
∫ ∞
0
dt
(
e−t
t
− e
−xt
1− e−t
)
,
11
one can infer that the essential part of the new contribution reads
−
∫
dt
t
e−Nβt − e−Nβt/2
1− e−t .
Redefining t→ t gs√
β
and taking N →∞ while keeping √βNgs =: µ fixed yields
−
∫
dt
t
e−µt − e−µt/2
1− e− gs√β t
.
Reverting to our usual notation, we obtain (up to non-universal terms)
logZDN (β/2) ∼
∫
dt
t
e−µt
(eǫ1t − 1)(eǫ2t − 1) +
∫
dt
t
e−µt
eǫ2t − e−ǫ2t =: logZD(gs, β/2) .
(3.14)
We recognize the second term as being essentially the generating function (3.7). Hence,
ZD(gs, β) is entirely given by a combination of ZA, i.e.,
logZD(gs, β) = logZA(gs, 2β)− 2 T (
√
2βgs) . (3.15)
(where T is defined in (3.7).) It is also instructive to express the “1-loop” coefficient
Φ
(0)
D (β) contained in (3.14) in terms of Φ
(0)
A (β). Using the relations (3.15) and (3.7),
we infer
Φ
(0)
D (β) = Φ
(0)
A (2β) + 2
(
Φ
(0)
A (2)−
1
2
Φ
(0)
A (1)
)
. (3.16)
We observe that this result matches the structure of the orbifold branch partition
function for the c = 1 CFT on the torus derived in [39]. We take this as a hint that
(3.15) is related to the partition function of the orbifold branch of the c = 1 non-critical
string. More precisely, such a relation should hold after an appropriate quantum shift.
One way to identify the appropriate DN -analog of (3.8) is to impose a symmetry under
gs → −gs. The symmetry can be motivated as follows. We know that for integer values
of β the partition function of the c = 1 string on the circle branch can be matched to
the partition function of the topological string expanded near a Aβ−1 type singularity
(under appropriate choice of deformation parameters) [40]. Since the chiral ground ring
manifold of the c=1 string on the orbifold branch corresponds to a Kleinian singularity
of D-type [41], we expect that similarly the orbifold branch partition function can be
matched to the topological string expanded near a D-type singularity, implying the
symmetry under gs → −gs.
Indeed, after
µ→ µ− ǫ2
2
, (3.17)
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the free energy (3.14) becomes
∫
dt
t
e−µt cosh
(
(ǫ1+ǫ2)t
2
)
2 sinh (ǫ1t/2) sinh (ǫ2t)
∼
∑
n
Ψ
(n)
D (β/2)
(
gs
µ
)n
, (3.18)
and clearly possesses an even power only expansion in gs.
6 We denote the expansion
coefficients by Ψ
(n)
D (β). For the special value β = 1, we find in addition
Ψ
(n)
D (1) = Ψ
(n)
B (1) = Ψ
(n)
A (2) . (3.19)
This identity is precisely the one expected from the matching of circle and orbifold
branches of c = 1 string at R = 1 and R = 2, respectively. It is important to note
however that generally, ZAN and ZDN are not related by a simple shift of N .
For later reference, we explicitly state the “1-loop” coefficient
Ψ
(0)
D (β) =
1
48
(
1
β
− 8β
)
+
1
4
. (3.20)
3.2 Implications for toric Calabi-Yau backgrounds
The free energy FA(Q; β) of the refined topological string on the resolved conifold
geometry, i.e., O(−1) ⊕ O(−1) → P1, is related to the refined deformed conifold free
energy given by the integral (3.9) by identifying the Ka¨hler parameter as Q = e−µ and
simply replacing the integral by a sum
∫
dt→
∞∑
d=1
. (3.21)
This replacement originates from the sum over states of D0-brane charge k ∈ Z and
mass ∼ µ + 2πik, or, in M-theory language, from the extra state degeneracy due to
momenta around the M-theory circle. It is natural to assume that a similar “quanti-
zation” as in (3.21) can be applied to the other Macdonald integrals as well. For BN ,
we infer from (3.11)
FB(Q; β) = FA(Q; 2β) , (3.22)
i.e., the resolved conifold free energy of BN type agrees with that of type AN .
6It is interesting to note that this generating function looks very similar to the generating function
for the massless hypermultiplet contribution occuring in SU(2) gauge theory on Ω-deformed A1 ALE
space [42].
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The DN ensemble is more interesting. Applying (3.21) to the (shifted) DN free
energy (3.18), we obtain
FD(Q; β/2) =
∞∑
d=1
Qd
(q/t)d/2 + (q/t)−d/2
d(qd/2 − q−d/2)(t−d − td) , (3.23)
with the usual definitions q := e
√
βgs and t := e
gs√
β , as prediction for the refined free
energy of DN type of the resolved conifold geometry. In particular, we have an even
power only expansion in gs and the relation FD(Q; 1) = FA(Q; 2) holds.
It is instructive to compare this result with the expectations based on a topological
string orientifold interpretation. A convenient reference is the recent proposal [11] for
the orientifolded and refined resolved conifold free energy. This proposal, which is
obtained from an SO(2N) refined Chern-Simons/geometric transition point of view,
reads,
FA(t−1/2Q;
√
2gs, 2β) +
∞∑
d=1
((q/t)Q)d/2
td/2 − t−d/2 . (3.24)
(we have here exchanged q ↔ t (corresponding to β ↔ 1/β).) As observed in [11], the
specialization of (3.24) to β = 1 equals the free energy of an orientifold of the resolved
conifold (acting either in fixed-point free [43], or in a real [44, 29] fashion). The second
term in (3.24) can be understood as originating from the second term in (3.7) of the
(unshifted) DN free energy, summing only over even D0 brane charge (up to a shift). It
may also be seen as a brane placed at −1/2 logQ in the A-model geometry. Since the
brane is localized in two space-time dimensions, it is exposed only to a single parameter
of the Ω-deformation (after a suitable redefinition of parameters).
The structure of the refined orientifold free energy (3.24) is consistent with the
results of [34], where it was found that the free energy of the fixed-point free orientifold
of O(−2)⊕O(−2)→ P1×P1 equals the refined free energy at β = 2 (for this orientifold
one has no open string sector).
We draw attention to the fact that, at β = 1, the shift of logQ in the first term
of (3.24) cancels the part of the sum in the second term coming from even d. That
summation would be unusual for the gs-odd sector of an orientifold. The cancellation
is possible because the open string contribution is essentially a closed string period.
On the other hand, this kind of comparison challenges the extrapolation of the pro-
posed orientifold structure (3.24) to more general toric Calabi-Yau geometries, since a
cancellation between a shift and an open string contribution is not possible in general.
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Instead, we propose to view FD(Q; β) of (3.23) as the refined free energy of type DN
of the resolved conifold, independent of an orientifold interpretation. 7 Although for
specific situations (such as the conifold or Dijkgraaf-Vafa type geometries, see section
5), when the orientifold contribution is a closed period, the (unshifted) DN free energy
can be matched and interpreted at β = 1 as an orientifold, this relation is not expected
to persist in general.
Specifically, we propose to identify the theory of DN type with the orbifold branch
in the c = 1 moduli space, extending the identification of AN with the circle branch of
c = 1 [2]. The relation β = R is the same on both branches. For a toric Calabi-Yau
manifold, one may then use (3.18) as boundary condition on the holomorphic anomaly
equation at the conifold point in moduli space in order to obtain predictions for the DN
theory. We will not pursue this quite interesting toric direction further in this work,
but rather stick to the Macdonald ensemble setting, where the correspondence with
orientifolds holds provided we work with even potentials. This will give further evidence
via explicit calculations that the deformation (2.4) away from β = 1 is consistent.
4 Gaussian ensembles: Correlators
In order to evaluate perturbatively β-ensembles with multi-cut support we will need
to evaluate normalized Gaussian correlators defined as
C
(b,d)
k1,k2,...,km
(β) :=
〈∏mi=1 Ski〉(b,d)
〈1〉(b,d)
=
1
Z(b,d)(β)
∫
[dλ]|P(b,d)(λ)|2βe− 12
∑N
i=1 λ
2
i
m∏
i=1
Ski , (4.1)
with Sk :=
∑N
i=1 λ
k
i and normalized via the Gaussian partition function Z(b,d) given in
(2.1). Clearly,
C
(b,d)
0,0,...,0(β) = N ×N × · · · ×N .
Correlators with non-vanishing ki can be solved for recursively invoking the Ward-
identities resulting from invariance under eigenvalue reparameterizations. For example,
more recently this approach has been followed in the AN case with general β in [18].
The generalization of this approach to the BN and DN case we are interested in is
7It is conceivable that this result (instead of (3.24)) can be obtained also from the Chern-Simons
point of view by appropriately incorporating the quantum shift (3.17) in the large-N limit.
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straight-forward. The Ward identities read
N∑
k=1
∫
[dλ]∂λk

λnk
(
∆+(λ)
b+d∆−(λ)
N∏
i=1
λbi
)2β
e−
1
2
∑N
i=1 λ
2
iSk1 . . . Skm

 = 0 . (4.2)
Acting with the derivative on each factor and expressing the resulting terms through
the correlators (4.1) yields a recursive equation for them. For brevity, we will here
explicitly state only the new contributions of ∆+(λ)
b+d and
∏N
i=1 λ
b
i which do not
occur in the AN case. The remaining AN contributions can be deduced similarly.
Using,
N∑
k=1
λnk∂λk
(
N∏
i=1
λbi
)2β
= 2βbSn−1
(
N∏
i=1
λbi
)2β
,
the new contribution which only occurs for BN can be inferred to be simply given by
2βbC
(b,d)
n−1,k1,...,km .
The derivation of the contribution of ∆+(λ)
b+d goes as follows. One rewrites
N∑
k=1
λnk∂λk
(
∆+(λ)
2β(b+d)
)
= 2β(b+ d)∆+(λ)
2β(b+d)
N∑
k=1
λnk∂λk log∆+(λ) ,
and deduces the identity
2β(b+ d)
N∑
k=1
λnk∂λk log∆+(λ) = (b+ d) β
∑
i 6=j
λni + λ
n
j
λi + λj
= (b+ d) β
∑
i 6=j
λni − (−λj)n
λi − (−λj) .
Note that the second step in the above equality is only valid for n odd. Fortunately,
knowing only how to deal with the n odd case is sufficient for our purposes. Finally,
making use of the identity
∑
i 6=j
λni − (−λj)n
λi − (−λj) =
n−1∑
k=0
∑
i 6=j
(−1)kλn−k−1i λkj =
n−1∑
k=0
(−1)kSn−k−1Sk − Sn−1 ,
one arrives at the contribution
β(b+ d)
n−1∑
k=0
(−1)kC(b,d)n−k−1,k,k1,...,km − β(b+ d)C
(b,d)
n−1,k1,...,km .
16
Combining all terms, taking also the usual AN contribution into account (see for in-
stance [18, 45]), the Ward identities (4.2) translate to the recursive relation
C
(b,d)
n+1,k1,k2,...,km
= ((1− β)n+ (b− d)β)C(b,d)n−1,k1,...,km
+ β
n−1∑
k=0
(1 + (b+ d) (−1)k)C(b,d)n−k−1,k,k1,...,km +
m∑
j=1
kjC
(b,d)
k1,...,kj+n−1,...,km.
(4.3)
Note that the sole difference between the BN and DN case is a switch of sign of one of
the terms entering the recursive relation.
As pointed out already above, in case of BN and DN the recursive relation is only
valid for n odd. However, the relation closes if furthermore all ki are even. Hence,
it can be used to determine all correlators C
(b,d)
k1,k2,...,km
with ki even. A few examples
follow.
C
(0,1)
2 = N(1 + 2β(N − 1)) , C(1,0)2 = N(1 + 2βN) ,
C
(0,1)
2,2 = C
(0,1)
2 (2 + C
(0,1)
2 ) , C
(1,0)
2,2 = C
(1,0)
2 (2 + C
(1,0)
2 ) ,
C
(0,1)
4 = C
(0,1)
2 (3 + 4β(N − 1)) , C(1,0)4 = C(1,0)2 (3 + β(4N − 2)) .
(4.4)
One should note that while in the AN case with β = 1 a generating function for the
1-point correlators C
(0,0)
n is known [25] and there are also closed expressions for β = 1/2
and β = 2 [46], no such closed formula has been found for general β, nor for the BN and
DN cases, so far. Nevertheless, we can make at least one general observation regarding
the structure of the C
(b,d)
n for n even. Namely, the coefficients of the highest powers in
N appear to be always given in terms of the Catalan-numbers Cn :=
(2n)!
(n+1)!n!
, i.e.,
C
(0,0)
2n (β) = Cnβ
nNn+1 + . . . , C
(1,0)
2n (β) = Cnβ
nNn+1 + . . . ,
C
(0,1)
2n (β) = 2
nCnβ
nNn+1 + . . . .
(4.5)
5 Multi-cut potentials: Perturbative calculation
In this section we shall evaluate the eigenvalue ensembles (2.4) in a perturbative fashion
via a saddle-point approximation, making use of the fact that for gs → 0 the eigenvalues
λi localize to the critical points of the potential W (x). A detailed exposition of the
perturbative calculation of the β-deformed AN partition function has been given in
[18], as a generalization of the earlier β = 1 works [19, 20, 17]. We will not repeat that
discussion here, but focus on the new features that appear for BN and DN ensembles.
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We discuss only potentials with the symmetry W (x) = W (−x). In particular, W (x) is
a polynomial of even degree.
5.1 Saddle-point approximation
Since the degree d of W (x) is even, we have an odd number c = d − 1 of critical
points. In particular, due to the Z2 symmetry of the potential there is one critical
point at Im(x) = Re(x) = 0. We denote the set of critical points as µ(k) with k ∈
{− c−1
2
, ..., 0, ..., c−1
2
}, hence µ(−k) = −µ(k). The saddle-point approximation requires
us to distribute the N eigenvalues between the c critical points. Let us denote the
number of eigenvalues located around µ(k) as Nk. In contrast to the AN case, we
have to impose some additional constraints onto the eigenvalue distribution. This will
allow the BN and DN ensembles to be dual to, both, N = 2 SO/Sp gauge theories
with adjoint broken to N = 1 by a tree-level potential of the form W (x) and to
topological string orientifolds. From an orientifold point of view, it is more convenient
to work in the quotient space perspective. In particular, for the eigenvalue ensembles
this allows to avoid to deal with the interactions between “mirror” eigenvalues under
the Z2 identification of cuts which the duality to orientifolds requires. Following [9],
we implement the quotient into the eigenvalue ensemble by localizing the eigenvalues
around the quotient set of critical points, i.e., we take the eigenvalues to be localized
around (c+ 1)/2 of the critical points such that
N = N0 + ...+N c−1
2
.
The AN condition for consistency of the β-deformation of filling all cuts stated in the
introduction then changes in the BN/DN case to filling only the quotient set of cuts.
The partition function can then be evaluated by considering small fluctuations y
(k)
n ,
with k ∈ {0, . . . , c−1
2
}, around the critical points, i.e., we set
(λ1, λ2, . . . , λN) =
(
µ(0) + y
(0)
1 , . . . , µ
(0) + y
(0)
N0
, . . .
)
.
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Under this decomposition we have that
∆−(λ)→
c−1
2∏
k=0
Nk∏
i<j
(
y
(k)
i − y(k)j
) ∏
0≤m<n≤ c−1
2
Nm∏
i=1
Nn∏
j=1
(
µ(m) − µ(n) + y(m)i − y(n)j
)
,
∆+(λ)→
c−1
2∏
k=0
Nk∏
i<j
(
2µ(k) + y
(k)
i + y
(k)
j
) ∏
0≤m<n≤ c−1
2
Nm∏
i=1
Nn∏
j=1
(
µ(m) + µ(n) + y
(m)
i + y
(n)
j
)
.
(5.1)
Hence,
|P(b,d)(λ)|2β →

 c−12∏
k=1
∆−(y
(k))∆−(y
(0))
(
∆+(y
(0))
)b+d N∏
i=1
(
y
(0)
i
)b
2β
exp I(y) , (5.2)
with interaction term
I(y) =− 2β
∑
0≤m<n≤ c−1
2
∞∑
l=1
l∑
r=0
(−1)r
l(µ(m) − µ(n))l
(
l
r
)
S(m)r S
(n)
l−r
− β(b+ d)
c−1
2∑
k=1
∞∑
l=1
(−1)l
2ll (µ(k))
l
l∑
r=0
(
l
r
)
S(k)r S
(k)
l−r + β(d− b)
c−1
2∑
k=1
∞∑
l=1
(−1)l
l (µ(k))
l
S
(k)
l
− 2β(b+ d)
∑
0≤m<n≤ c−1
2
∞∑
l=1
(−1)l
l(µ(m) + µ(n))l
l∑
r=0
(
l
r
)
S(m)r S
(n)
l−r + const. .
(5.3)
The potential decomposes as
N∑
i=1
W (λi)→
c−1
2∑
k=0
∞∑
n=1
(∂nW )(µ(k))
n!
S(k)n + const. . (5.4)
Note that the BN , respectively DN ensemble decomposes in the saddle-point approxi-
mation into (c−1)/2 AN and a single BN , respectively DN eigenvalue ensembles, which
are coupled via the interaction term I(y), as expected. Hence, after an appropriate gs
dependent redefinition of S
(m)
i , and expansion in gs to bring down powers of S
(m)
i , the
partition function of the eigenvalue ensemble (2.4) reduces in the saddle-point approx-
imation to a sum over Gaussian correlators which are determinable via the results of
section 4. Due to the normalization of the Gaussian correlators, the resulting partition
function has to be supplemented for each cut by a factor of ZG(β) (defined in (2.1))
with G either BN or DN for the fixed cut and else AN .
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5.2 Examples: BN and DN quartic
Let us now consider an example in more detail. The simplest non-trivial Z2 symmetric
example is given by the quartic potential
W (λ) =
β
gs
g
(
1
4
λ4 − δ
2
2
λ2
)
. (5.5)
Clearly, W (−λ) = W (λ) and the set of critical points µ(k) consists of
µ(−1) = −δ , µ(0) = 0 , µ(1) = δ ,
hence possesses a three-cut structure. The partition functions Z(b,d) for AN , BN andDN
measure can be obtained in a perturbative fashion as outlined in the previous section.
While one has to fill in the AN case all three cuts as discussed in the introduction, for
BN and DN one has to fill only two of the cuts in order to incorporate the Z2 quotient
as mentioned in section 5.1.
For the AN case, let us just quote the relevant observation without giving any
further details. Namely, we observe that if we fill all three-cuts, the disk sector (g−1s )
of the corresponding free energy is a combination of closed periods, i.e.,
F˜ (1/2)A =
1
2
(
1− 1
β
)(
∂F (0)A
∂S˜−1
+
∂F (0)A
∂S˜0
+
∂F (0)A
∂S˜1
)
,
where as usual S˜i := Nigs. This indicates that one has to perform the additional
quantum shifts
Si :=
(
Ni − 1
2
(
1− 1
β
))
gs , (5.6)
in the large N limit. Indeed, after the shifts, one obtains an expansion into only
even powers of gs of the free energy FA, as is necessary for a well-defined BPS index
interpretation of the corresponding partition function.
Let us now consider the BN and DN cases. For the quartic potential (5.5), the
measure specializes to
[dy(0)][dy(1)]
(
∆−(y
(1))∆−(y
(0))
(
∆+(y
(0))
)b+d N∏
i=1
(
y
(0)
i
)b)2β
,
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the interaction term (5.3) reads
I(y) =− 2β
∞∑
l=1
l∑
r=0
(−1)l
lδl
(
l
r
)
(1 + (b+ d)(−1)r)S(0)r S(1)l−r
− β(b+ d)
∞∑
l=1
(−1)l
2llδl
l∑
r=0
(
l
r
)
S(1)r S
(1)
l−r + β(d− b)
∞∑
l=1
(−1)l
lδl
S
(1)
l + const. ,
(5.7)
and the potential contribution (5.4) is given by
W(y) = −
∞∑
n=1
1
n!
(
(∂nW )(0)S(0)n + (∂
nW )(δ)S(1)n
)
.
After performing the rescalings
S(0)n →
(
− gs
βgδ2
)n/2
S(0)n , S
(1)
n →
(
gs
2βgδ2
)n/2
S(1)n ,
the partition functions can be expanded in gs and reduce to a sum over Gaussian
correlators, which one can efficiently calculate following section 4. For the reader’s
convenience, the explicit free energies to some lower order in gs are given in appendix
A. Defining
S0 = 2N0gs , S1 = N1gs, (5.8)
we obtain
F˜ (0)B (S0, S1) = F˜ (0)D (S0, S1) =
1
2
F˜ (0)A (S0, S1, S−1 = S1) , (5.9)
which is the expected tree-level result from a topological string orientifold perspective.
The first order open string corrections (g−1s ) read
F˜ (1/2)B =
1
2
(
2− 1
β
)
∂F (0)B
∂S˜0
+
1
2
(
1− 1
β
)
∂F (1)B
∂S˜1
,
F˜ (1/2)D = −
1
2β
∂F (0)D
∂S˜0
+
1
2
(
1− 1
β
)
∂F (1)D
∂S˜1
,
(5.10)
and are combinations of closed string periods. Note that for β = 1 we have that F˜ (1/2)B =
−F˜ (1/2)D = −14∂S0FA(S0, S1, S−1 = S1), confirming the earlier results of [8, 47, 48, 9].
In the dual topological string orientifold, the sign difference translates into the two
possible choices of charge of the orientifold fixed-plane. Similar as for the AN case, the
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order g−1s given in (5.10) suggests to perform the additional quantum shifts as in (5.6)
such that
F (1/2)B = −
1
2
∂F˜ (0)A (S0, S1, S−1 = S1)
∂S˜0
, F˜ (1/2)D =
1
2
∂F˜ (0)A (S0, S1, S−1 = S1)
∂S˜0
, (5.11)
and the relation F (1/2)B = −F (1/2)D continues to hold under the β-deformation. In
particular, the open string contribution at order g−1s is independent of β. However, for
higher orders in gs, one has that generally
F (g>1/2)B (β) 6= F (g>1/2)D (β),
and equality (up to overall sign) only for β = 1. Since the open string contribution is
trivial (i.e., it is a closed period), it is more convenient to shift away the complete open
string contribution such that F (g/2)B = F (g/2)D = 0, for g odd. Hence, in this specific
gauge the free energies possess an expansion into even powers of gs only. If necessary,
the open string contribution can be easily reinstated via performing a reverse shift.
The main advantage of this shift is that it allows us to utilize the usual holomorphic
anomaly of [33] instead of the extended holomorphic of [37] to reproduce the BN and
DN partition functions in the B-model. On a technical level, the former is easier to deal
with. However, we like to stress that the latter is more general, since it is expected
to capture the partition function independent of any shift of parameters, similar as
observed at hand of gauge theory in [34, 35].
Finally, let us comment on the Nekrasov-Shatashvili limit of the free energies (in
the gauge with an even power gs expansion). In our parameterization the limit of [5]
corresponds to
W(g)G := lim
β→0
βgF (g)G (β) . (5.12)
From our explicit computations we observe that
1
2
W(g)A =W(g)B =W(g)D . (5.13)
A similar non-uniqueness property of the limit has been already observed at hand of
gauge theory on ALE space in [42], and is in fact as expected. This is because, since
gs → 0 (in order to keep ~ := gs√β fixed, cf., (1.1)), the Nekrasov-Shatashvili limit, and
henceW(g), is intrinsically of tree-level nature. More specifically, the limit corresponds
to a (semi-classical limit of a) quantization of the spectral curve of the respective
eigenvalue ensemble, following [3]. Since the spectral curves of the AN , BN and DN
22
ensembles (under a proper Z2 identification of the AN spectral curve) are identical (cf.,
(5.9)), so should be the quantization thereof. The relation (5.13) shows that this is
indeed the case.
6 B-model verification of BN and DN quartic
6.1 Tree-level geometry
The dual tree-level geometry of the quartic eigenvalue ensemble with BN and DN
measure with β = 1 has been discussed already in the literature to some extent (cf.,
[49, 8, 9]). Since the power of β is only relevant at one-loop and beyond, we essentially
can borrow the known tree-level results.
The periods of the dual geometry of the eigenvalue ensemble with potential W (x)
of the form (5.5) are given in terms of the periods of the hyperelliptic curve
y =M(x)
√
σ(x) , (6.1)
with
M(x) = g , σ(x) =
1
g2
(
W ′(x)2 + f(x)
)
, (6.2)
and where f(x) is a degree two polynomial. In particular, the moment function M(x)
is a constant because we fill all cuts. For the quartic, the curve (6.1) is of genus two.
The effective one-form of the dual geometry reads
ω = y dx , (6.3)
which we express in terms of the six branch points xi of the curve as
ω = g
√√√√ 6∏
i=1
(x− xi) dx .
The cuts are chosen to be [x1, x2] , [x3, x4] and [x5, x6] on the real axis. Imposing the Z2
symmetry under x → −x of the x-plane (this requires that f(x) is even, i.e., f(x) =
b2x
2 + b0 with bi parameterizing the complex structure) leads to the identification
x1 ↔ −x6, x2 ↔ −x5 and x3 ↔ −x4, yielding the one-form
ω = g
√
(x2 − x21)(x2 − x22)(x2 − x23) dx .
The Z2 symmetric x-plane of the geometry is illustrated in figure 1.
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Figure 1: The symmetric x-plane of the quartic with cuts, period contours and reflection
symmetry indicated (covering space perspective).
One should note that if one adjusts such that b2 = 0, the curve (6.1) takes the
form of the Seiberg-Witten curve of four dimensional N = 2 SU(3) gauge theory, with
choice of Coulomb parameters a1 = −a2 and a3 = 0 (the zeroes of W ′(x) correspond
to the ai), which can also be matched to the curve of Sp(2). It would be interesting to
extract the gauge theory gauge coupling and 1-loop gravitational correction following
[50, 20] and see if one can match to a Ω-deformed gauge theory, as is the case for the
cubic and Ω-deformed SU(2) [3]. However, since a3 = 0, we are not on the Coloumb
branch, and things are expected to be a bit more tricky. Therefore we will not follow
this rather interesting direction further in this work.
Comparison with the one-form (6.3) expressed via (6.2) gives the relation
δ2 =
1
2
(
x21 + x
2
2 + x
2
3
)
. (6.4)
In order to explicitly calculate the period integrals, it is useful to change variables to
z0 = x3 , z1 =
1
2
(x2 − x1) , I = 1
2
(x1 + x2) . (6.5)
Hence, we set
x3 = z0 , x1 = I − z1 , x2 = I + z1 .
Using (6.4), we can infer for I the relation
I = ±
√
δ2 − 1
2
z20 − z21 .
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The discriminant ∆ of the algebraic curve (6.1) reads in the zi coordinates (6.5)
∆ = 4z20z
4
1 ∆
2
1∆
2
2∆
4
3 , (6.6)
with components
∆1 = z
2
0 + 2z
2
1 − 2δ2 , ∆2 = z20 + 4z21 − 2δ2 ,
∆3 = 9z
4
0 + 4z
2
0(2z
2
1 − 3δ2) + 4(−2z21 + δ2)2 .
(6.7)
In particular, we have that ∆1 = −2I2.
The A-periods of the curve (6.1) with one-form (6.3) are taken to be
S0 =
1
2πi
∫ x3
−x3
ω , S1 =
1
2πi
∫ x1
x2
ω . (6.8)
It is not hard to explicitly evaluate the integrals in the coordinates (6.5) for small zi.
The first few terms read
S0(zi) = −gδ
2
4
z20 +
g
2
z20z
2
1 +
3g
16
z40 +
g
8δ2
z40z
2
1 +
g
4δ4
z40z
4
1 +
g
8δ4
z60z
2
1 + . . . ,
S1(zi) =
gδ2
2
z21 −
g
2
z20z
2
1 −
g
2
z41 −
g
16δ2
z40z
2
1 −
g
8δ4
z40z
4
1 −
g
16δ4
z60z
2
1 + . . . ,
(6.9)
Note that the two periods are related via the identity
S1 +
1
2
S0 =
g
32
(z20 − 4z21)(3z20 + 4z21 − 4δ2) . (6.10)
Inversion of (6.9) yields the so-called mirror maps zi(Si).
Similarly, it is not hard to explicitly evaluate the B-periods
Π0 =
1
2
∫ Λ
x3
ω , Π1 =
∫ Λ
x1
ω ,
where Λ→∞ is a cutoff. Note the additional factor of 1/2 we introduced for Π0. Its
origin can be most easily seen at hand of figure 1. The period Π0 (without the 1/2) in
the quotient space corresponds in the covering space actually to 2Π0 and not just Π0.
We obtain in terms of the flat coordinates Si for the B-periods
Π0(Si) =
g
8
(Λ2 − 2δ2)Λ2 − 1
2
S0 log g − 2(S1 + 1
2
S0) log Λ
+ 2(S1 − 1
2
S0) log δ + P0(S0, S1) ,
Π1(Si) =
g
4
(δ2 − Λ2)2 − 4(S1 + 1
2
S0) log Λ + 2(S1 + S0) log δ + S1 log
(
2
gδ2
)
+ P1(S0, S1) ,
(6.11)
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with Pi(S0, S1) = Si log Si +
∑
n,m≥0
ci(n,m)
(gδ2)n+m−1S
n
0S
m
1 and ci(n,m) constants .
Invoking the usual special geometry relation
∂SiF (0) = Πi (S0, S1)) ,
the prepotential F (0) can be determined, and indeed matches the results of section
5.2. Note that the Pi(S0, S1) can be expressed in terms of the flat-coordinate Yukawa
couplings CSiSjSk as Pi(S0, S1) =
∫
dSidSiCSiSiSi. Closed expressions for the Yukawa
couplings in zi coordinates, i.e., Czizjzk := DziDzjDzkF (0)(zi) with Dzi denoting the
covariant derivative (cf., [33]), can be found to be
Cz0z0z0 = −
z0(9z
6
0 + 6z
4
0(−5 + z21) + 8(1− 2z21)2(−1 + z21) + 4z20(7− 8z21 + 4z41))
32I2 ,
Cz1z1z1 = −
z1(3z
6
0 + 8(−1 + 2z21)3 + 2z40(−7 + 10z21) + 4z20(5− 16z21 + 12z41)
4I2 ,
Cz0z0z1 =
z1z
2
0(−2 + 3z20)(−2 + z20 + 4z21)
8I2 ,
Cz0z1z1 =
z0z
2
1(z
4
0 − 4(1− 2z21)2)
4I2 .
(6.12)
The remaining couplings follow by symmetry. We have also set for simplicity g = δ = 1.
6.2 One-loop
Having the tree-level data at hand, it is straight-forward to evaluate the solution to
the 1-loop holomorphic anomaly equation of [51]
F (1)(z; β) = 1
2
log detG+ a(1)(z; β) , (6.13)
with Gij := ∂Sizj and a
(1)(z; β) denoting the 1-loop holomorphic ambiguity. The
ambiguity can be parameterized in terms of the discriminant loci ∆i given in (6.7) as
a(1)(z; β) = ν0 log z0 + ν1 log z1 + κ1 log∆1 + κ2 log∆2 + κ3 log∆3 .
From the eigenvalue ensemble results of section 5.2 we deduce that under fixing pa-
rameters νi and κi in the BN case to
ν0 =
1
24
(
1
β
+ 4β
)
− 1
2
, ν1 =
1
12
(
1
β
+ β
)
− 1
2
,
κ1 = ν0 , κ2 =
1
2
ν1 +
1
4
, κ3 = ν1 ,
(6.14)
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and for DN to
ν0 =
1
24
(
1
β
− 8β
)
, ν1 =
1
12
(
1
β
+ β
)
− 1
2
,
κ1 = ν0 , κ2 =
1
2
ν1 +
1
4
, κ3 = ν1 ,
(6.15)
the previous results can be reproduced. We observe that the ambiguities for both cases
differ in general only in ν0. Further, note that only in the special case of β = 1 and in
the Nekrasov-Shatashvili limit (β → 0) the ν0 of both cases are equal and the relation
F (1)B = F (1)D ,
holds, as expected from the relations (3.19) and (5.13). For general β this equality will
not hold anymore. Also note that in the Nekrasov-Shatashvili limit (5.12) the 1-loop
amplitude (6.13) becomes purely holomorphic, i.e.,
W(1)(z) = 1
24
log z0 +
1
12
log z1 +
1
24
log (∆1∆2) +
1
12
log∆3 .
The reason being that in this limit the 1-loop anomaly equation reduces to
∂¯i¯∂jW(1)(z, z¯) = 0 .
To conclude this section, it is interesting to compare the ν0 coefficients we found to
the corresponding Ψ
(0)
G coefficients of section 3, given in (3.12) and (3.20). Up to an
addition of 1/2 they match. We attribute the additional 1/2 to an artifact of our
expansion at the 1-loop level and/or to the chosen parameterization. Mainly because
the same mismatch by 1/2 occurs for ν1, which should be equal to Ψ
(0)
A .
7 Conclusion
In this work we initiated the study of β-ensembles with BN and DN measure beyond
tree-level. For that purpose, we generalized the calculation of the β-deformed AN
partition function of [18], which makes use of a saddle-point approximation and Ward
identities, to the BN and DN cases. At hand of the quartic, we found that the resulting
free energies possess an expansion into even powers of gs only, under a specific choice
of ’t Hooft parameters. This is as expected, since the g−1s sector is a closed period and
should be removable via an appropriate shift of parameters following [35]. The absence
of an odd sector in gs allowed us to invoke the usual holomorphic anomaly equation to
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reproduce the 1-loop sector (g0s) of the quartic, albeit with new boundary conditions
(holomorphic ambiguity) which have not appeared (to our knowledge) before. The
boundary conditions are related to a large N expansion of the Macdonald integral.
We expect that the higher genus coefficients of the Macdonald integral expansions will
provide boundary conditions for the higher loop amplitudes expanded near some of the
other points in moduli space. However, so far we have not pushed the holomorphic
anomaly calculation for the quartic beyond genus one, and it would be interesting to
do so. Our results indicate that the β-deformation of the BN and DN ensembles, which
for β = 1 correspond to topological string orientifolds, is consistent.
The Gaussian integrals also allowed us to extrapolate the BN and DN ensembles
to toric settings. We found that the DN case (under an appropriate shift) should
correspond to the topological string with boundary conditions at the conifold point
provided by the orbifold branch of the c = 1 string. The BN case corresponds to
the usual circle branch, similar to the standard refined topological string related to
AN ensemble. In the toric setting, our results indicate that the equivalence between
BN/DN and topological string orientifolds is not general. Rather the c = 1 moduli
space appears to yield an independent deformation space of topological string theories,
with only accidental correspondence to topological string orientifolds for specific simple
geometries.
It seems likely that one may also explore ensembles with E6, E7 and E8 type measure
in a similar fashion. Presumably, these ensembles are related to the three discrete points
in c = 1 moduli space (and should not possess a consistent β-deformation).
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A Free energies
The explicit results for the perturbative expansion of the free energies of the BN and
DN eigenvalue ensemble with quartic potential discussed in section 5.2 are given below.
Note that the expressions given do not take the normalization of (4.1) into account.
The additional contribution from the normalization to the shifted free energy is given
in terms of an asymptotic expansion of the respective Macdonald integral given in
(2.2).
F˜B(Ni, β) =−
gs
4δ4β
(
8N
3
0
β
2 − 2N2
0
β(2β(8N1 + 1) − 5) +N0
(
8β
2
(N1 − 3)N1 + β(8N1 − 2) + 3
)
+ (2β − 1)N1(2β(N1 − 2) + 3)
)
+
g2
s
4g2δ8β2
(
36N
4
0
β
3 − 4N3
0
β
2
(2β(28N1 + 5) − 19) + N20β
(
12β
2
(
12N
2
1
− 16N1 + 1
)
+ β(24N1 − 50) + 53
)
+N0
(
−8β3N1
(
2N
2
1
− 15N1 + 19
)
+ β
2
(
−48N2
1
+ 200N1 + 6
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− β(88N1 + 15) + 12
)
− (2β − 1)N1
(
4β
2
(
N
2
1
− 5N1 + 5
)
+β(15N1 − 29) + 12))
− g
3
s
12g3δ12β3
(
864N
5
0
β
4 − 8N4
0
β
3
(4β(233N1 + 49) − 331) + 8N30 β2
(
8β
2
(
131N
2
1
− 102N1 + 16
)
− 4β(29N1 + 103) + 383
)
−4N2
0
β
(
4β
2
(
165N
2
1
− 888N1 − 80
)
+ 4β
3
(
152N
3
1
− 558N2
1
+ 640N1 + 15
)
+ 2β(965N1 + 286) − 393
)
+ N0
(
8β
2
(
419N
2
1
−798N1 + 48) + 32β4N1
(
5N
3
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− 66N2
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+ 206N1 − 165
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3
(
112N
3
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− 1050N2
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))
− g
4
s
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β
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β
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